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Abstract 

An analog of Baumslag-Solitar's group BS{1, k) naturally acts on the 
sphere by conformal transformations. The action is not locally rigid in 
higher dimension, but exhibits a weak form of local rigidity. More pre- 
cisely, any perturbation preserves a smooth conformal structure. 



1 Introduction 

Over the last two decades, it has been found that many smooth actions of 
discrete groups exhibit local rigidity. Most of known examples are classified 
into two classes: 

1. Anosov or partially hyperbolic Z"-actions, and homogeneous actions of 
cocompact lattices related to Anosov or partially hyperbolic ]R"-actions 
with n>2 (e.g. [1 [H [HI Hi)- 

2. Isometric, or quasi-affine actions of lattices or groups with Property (T) 

{e.g. mmmm)- 

See Fisher's survey [5^ for more related results. 

One of the exceptions is an action of Baumslag-Solitar's group BS{1, k) on 
the circle. For fc > 2, Baumslag-Solitar's group BS{l,k) is a finitely presented 
solvable group defined by BS{l,k) — {a,b\ aba^^ = b'^). It is isomorphic to a 
group generated by two affine transformations of the real line; f{x) = kx and 
g{x) = X + c with c ^ 0. The natural extensions of / and 5 to 5^ = R U {00} 
define a real analytic action of BS{1, k) on . Remark that Pf, is conjugate 
to pi by a diffeomorphism hix) = c~^x. 

Theorem 1.1 (Burlsem and Wilkinson T). Any real analytic action of BS{1, k) 
on the circle is locally rigid. In particular, the action pc is locally rigid. 
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In the same paper, Burslem and Wilkinson also gave a smooth classification 
of C actions of BS{1, k) on by using Navas' complete topological classifica- 
tion of solvable actions on one-dimensional manifolds ([H])- Guelman and 
Liousse [S] extended the classification by Burslem and Wilkinson to actions 
by using Cantwell and Conlon's work [3] on actions of BS{1, k) on the circle 
or an closed interval, and Rivas' work [T7] on C° action of BS{1, k) on the real 
line. 

Recently, some people have studied actions of Baumslag-Solitar like groups 
on higher dimensional manifolds. McCarthy [T3] proved the rigidity of trivial 
actions of a large class of abelian-by-cyclic groups on an arbitrary dimensional 
closed manifold. Guelman and Liousse [TU] studied actions of BS{l,k) on sur- 
faces, and gave a C°° faithful action on the 2-torus which is not locally rigid 
even in topological sense. 

In this paper, we study a natural higher dimensional analog of the standard 
BS{1, fc)-action pc. For n> 1 and fc > 2, we define a finitely generated solvable 
group Tk^n by 

Tn,k = {a,bi,...,bn I abiu"^ = , bibj = bjbi for any i, j ^ 1, . . . ,n) . 

The group Tn,k admits a natural action on the n-dimensional sphere 5". We 
identify 5" with R" U {oo} by the stereographic projection. For any basis 
B = {vi, ■ ■ ■ ,v„) of M", define a r„_fc-action ps on S*" by 

• pKx) = kx and = x + for a; e M" = S'"\{oo}, 

• Pl(oo) = Pb(oo) = oo- 

The action pB preserves the standard conformal structure on and we call it 
the standard action associated to B. For n = I and vi ^ c ^ 0, the group Ti^k is 
the Baumslag-Solitar group BS{1, k) and the action ps is the standard action 
Pc- Therefore, is locally rigid by Theorem 1 1.1 1 if n — 1. On the other hand, 
Pb is not locally rigid for any basis i? if n > 2 (see Proposition 13. ip . Hence, a 
direct analog of Theorem 11.11 does not hold. 

The aim of this paper is to show that the action pB exhibits a weak form of 
local rigidity for n > 2. 

To state the main theorem, we recall basic concepts on rigidity of group 
actions. Let F be a discrete group and G a topological group. By Hom(F,G), 
we denote the set of homomorphism from F to G. For p e IIom(r, G) and 7 S F, 
we put p'* = p(7). The set IIom(F, G) is naturally identified with a subset of a 
power set G^ . The product topology on G^ induces a topology on Hom(F, G). 
When G is Hausdorff, a sequence {pm)m>i in Hom(F, G) converges to p if and 
only if converges to p'^ for any 7 S F. 

Let M be a smooth closed manifold. In the below, all smooth maps and 
diffeomorphisms are of class C°°. By Diff(A/), we denote the group of diffeo- 
morphisms of M. It naturally becomes a topological group by the C°°-topology. 
For a discrete group F, a smooth left F-action on M is just a homomorphism 
from F to Diff(Af). Hence, Hom(F, Diff (Af )) is identified with the space of 
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(smooth left) F-actions on M . We say that two actions pi G Hom(r, DifF(Afi)) 
and p2 G Hom(r, Diff (M2)) are smoothly conjugate if there exists a diffeomor- 
phism h : Mi— >-M2 such that pl^h — ho pi for any 7 e F. We also say that an 
action po G Hom(r, Diff(M)) is locally rigid if there exists a neighborhood U of 
pQ in Hom(r, Diff (M)) such that any action p in W is smoothly conjugate to po- 
Now, we are ready to state the main theorem of this paper. 

Main Theorem. Suppose n,k > 2. Let ps be the standard T„^k-o.ction on 
5*" associated to a basis B of M". Then, there exists a neighborhood U C 
Hom(r„.fc, Diff (5'")) of ps such that any p ^ U is smoothly conjugate to pB' 
for some basis B' — B'{p) of . In particular, any action in U preserves a 
C°° conformal structure of S*" . 

The proof is divided into three steps: First, we show a local version of the 
main theorem, i.e., rigidity of ps as a local action at 00. This is the main step 
of the proof. Second, we prove that any perturbation of ps admits a global 
fixed point near 00. Finally, we extend the local conjugacy obtained in the first 
step to a global one. 

The strategy for the first step is close to Burslem and Wilkinson's one in 
[T]. However, there is an essential difference from their case; the action ps 
admits non-trivial deformation. The difficulty is that there seems no direct 
way to find a basis B' = B'{p) such that p is conjugate to ps' for a given 
perturbation p of ps- To overcome it, we follow Weil's idea in [18], where he 
controlled deformation of lattices of Lie groups by the first cohomology of a 
deformation complex. Remark that Benveniste ,2^ and Fisher ^ proved local 
rigidity of isometric actions by applying Weil's idea to Hom(F, DifF(M)). In 
their cases, the deformation complex is infinite dimensional, and hence, they 
needed Hamilton's Implicit Function Theorem for tame maps between Frechet 
spaces. In our case, we reduce the deformation complex to a finite dimensional 
one and Weil's Implicit Function Theorem is sufficient. 

In [T] , Burslem and Wilkinson gave another proof of the first step above for 
i?5(l, fc)-actions on S^. They showed the existence of an invariant projective 
structure on a neighborhood of the global fixed point by using the Schwarzian 
derivative. The author does not know whether there is an analogous proof for 
higher dimensional case. Finding it seems an interesting problem. 

Acknowledgements The author would like to thank an anonymous referee 
for valuable comments. 

2 Proof of Main Theorem 

2.1 Local version of the main theorem 

Let Af„(R) be the set of real square matrices of size n and GL„(R) be the group 
of invertible matrices in M„(M). We identify each element of M„(R) with an 
n-tuple of column vectors in R". Under this identification, GL„(R) is the set 
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of bases of M". By |1 • ||, we denote the Euclidean norm of R". Let 5''(]R") be 
the set of symmetric r-multihnear maps from (M")'" to M". We define a norm 
II • II W on5''(M") by 

W - sup{||F(ei, . . . a, • • . G ffi", m\ < l for any i}. 

Remark that - - .,^r)\\ < \\F\\ ■ ■ ■ ■ Ur\\ for any 6, ■ • • ,a S K" and 

||A||(i) is the operator norm of ^ e M„(]R) = ^^M"). 

Let X'(R",0) be the group of germs of local diffcomorphisms of R" at the 
origin. For F G X'(R",0), we denote the r-th derivative of F at the origin by 
£>^''V. It is an element of 5''(R"). For r > 2, we define the Cl^^-topology on 
V{W, 0) by a pseudo-distance dcr^^ {F, G) = YJi^i WD^F - DfG\\ . Remark 
that dci is not a distance, and hence, the C/^^-topology is not Hausfdorff. 

For a discrete group F, the C/^^^-topology on Hom(F, 2?(R", 0)) is naturally 
introduced as before. We say that two local actions Pi, P2 G Hom(F,I?(R", 0)) 
are smoofMy conjugate if there exists H e I?(R", 0) such that P2 o H = H o 
for any 7 e F. 

Let be a diffeomorphism from ^"yiO} to M" given by 

m = ^ • - 

For B e M„(M), we define a local action Pb e Hom(r„,fe,D(R",0)) by 

P^=^oplor'. 

In this subsection, we prove the following local version of the main theorem. 

Theorem 2.1. For B e GL„(R), there exists a Cf ^^-neighborhood U of Pb 
such that any local action P G U is smoothly conjugate to Pb' for some B' = 
B\P) e GL„(M). 

The proof is divided into several steps. First, we show the stability of linear 
part of P^^ . Let F be the element of 2?(R", 0) given by 

F{x) = k-^x. 

Notice that P% = F and D^^^Pg' = / for any B e M„(R) and i = 1, . . . , n. 

Lemma 2.2. Letm he a positive integer and P* he a local action in Hom(r„,fc, 0)). 

Suppose thai D^f' P'^ = k^^I and d\^^ P^^ = I for any i = 1, . . . , n. Then, there 

exists a -neighborhood U ofP* in Hom(F„,fc, P(R'", 0)) such that D^^^P^' = I 
for any P gU and i = 1, . . . ,n. 

Proof. Put Ckj = kl/[j\{k — j)!]. There exists ^ > such that 
S- lk + k^ + J2ckj5^-\l + k6)\ <^. 
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Take a C,^^-neighborhood U of such that W^'p-^ - D\;^P^\\ < S for any 
P € U and 7 = a, 61, ... , 6m . Fix P & 14 and i — 1, . . . , n. We put A = 
D^Q^P" - D^^^P!^ and B = D^^V^' - D^^^ P^^ . We need to show that B = 
0. Smce D^i^V,'' = fc-i/, Ll^^V,^' = /, and o P^' = P^.' o P", we have 
(fc-i/ + + P) = (/ + Bf{k-^I + A). Hence, 

(1) 



(fc-l)||P| 



(1) 



kAB -k'^BA-Y^ CkjB\I + kA) 



J=2 



< I M + fc^J + ^ cfcj<5^"i(l + k5)) 

J=2 



PI 



(1) 



<Y\\Br\ 

Since fc > 2, we obtain that P = 0. 

Second, we show the stabihty of the hnear part of P". Let (•,•) 
Euchdean inner product of M". For u G R", we define e 5^(R") by 



□ 

be the 
(1) 



By a direct calculation, we can check that 

Dq P]=> — '^Qvi 

for any B — (wi, . . . , u„) € M„(R) and i = 1, . . . , n. 

Lemma 2.3. For any given B £ GLn(R), there exists a -neighborhood lA of 
Pb in Honi(r„_fc, 



0)) such that dIj^^P" = k-^I for any P €U. 



Proof. For any P, G G ^(R", 0) with P^,^^G = /, it is easy to see that 



1(2) ^/^fe 



D^'^'iG'' o P) = P^'^P + k ■ D^'^'G o (D^^'F, D^'>F). 

Put P = (t^i, . . . , I'm). Since P = {vi, . . . , Vn) is a basis of M", there exists a 
constant e > such that max,=i^..._„{||^'?;i||} > eP'||(i) for any A' € M„(R). 

By Lemma [2^ there exists a Gj^^^-neighborhood of Pb such that D^^P''^ = I 
for any P e . Let Z-/ be a G^^^^-open neighborhood of Pb consisting of P e Z^i 
such that 



(2). 



max 

■i— 1, 7; 



p" 



{3||Pf 
Fix P e Z^i and put 



(2) 



fc • P^^^P'' 
-,(2) 



(2) pb, _ n(2) , 



lpf p^- 



II (^^} 



< e. 



p, = p^^^p"' - p^^^p^' = p^^^p"' - 2g,,, 

C^ = AoQ,^^2Q,^o{A,I). 
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We will show that A^O. Since P" o P'>' = P^^ oP'',we have 

k~\l + A)o (2g„, + B,) = k ■ (2g„, + B,) o {k-\l + A), k-\l + A)). 
It implies that 

2 1 1 Q 1 1 (2) = p o i?, - 2i?, o ( A, /) - + ) o ( A, A) 1 1 (2) 
<P||(i).(3||i?,||(2) + ||A||«.||i?('V^'||(2)^ 



(1) 



for any i = 1, . . . , n. The definition of also implies Ci{vi, Vi) — • Aw^, 

and hence, HCiH'^^-' > Therefore, we obtain 

2e||A||(i) < 2 max \\Av,\\ < eWAW^^l 

..71 

It implies that A^O, and hence, ZJ^^'P" = fc^^ • /. □ 



Let A4'i be the subset of Hom(r,i,fe, 2?(R", 0)) consisting of local actions P 
:h that P'' = F and D^^^P''- = 
element of A^'j^ for any B e GL„(I 



such that P°- = F and Dq^^ P^' = I for any i = 1, . . . , n. Notice that Pg is an 



Proposition 2.4. Let B be an element o/GL„(R). For any given Cf^^-neighborhood 
1^0 of Pb IIom(r„^fc, I?(R", 0)), there exists another Cf^^-neighborhood U of 
Pb such that any P £ U is smoothly conjugate to a local action in Uq H Ai'i- 



Proof. By Lemmas 12.21 and 12. 3[ there exists a C^^^-neighborhood Ui of Pb in 
Hom(r„,fc,P(R",0)) such that D^„^'^ P" = k^^ ■ I and D^^^P''' = / for any 
P £Ui and i — 1, . . . ,n. Fix P eUi. It is known that if a local difFeomorphism 
P e V{R",0) satisfies -Dq^^P = a/ for some < a < 1 then it is smoothly 
linearizable (see e.g. [TTl Theorem 6.6.6]). Hence, their exists H e I?(M",0) 
such that D^Q^H = I and F = H o P" o H-^ . We define a local action P" G 
Hom(r„,fc,X>(R",0)) by {P")'< = HoPioR-^. Since D^^\p"f^ = D^^^P''' = 
I, the local action P^ is contained in AA'^. From the equation dI^\h o F) = 
D^iP" oH),we obtain (fc - 1)D^q''H = k'^D^^^'P". Hence, there exists a small 
Cfoc-neighborhood U CUi oi Pb such that P-^ G Z^o for any P gU. □ 



Following Weil's idea, we reduce Theorem 12.11 to exactness of a linear com- 
plex. Put 

Mo = GL„(R) X GL„(R), 

Ml = {(G,;)i<,<„ e I?(R",0)" I D^a'^G^ = /,Po G, - G,^ oP for any z} , 
M2 = {(a,)i<.<,<„ I a, e 53(R")} = (5-^(R"))"("-i)/2. 
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Define maps <& : Mo^Mi and ^ : Mi^M2 by 
$(A,B) = (AoP]^'o^-i)i<,<„, 

l<'i<^'<n 

By Oa12> we denote the zero element oi M2 = S'3(R")"("~^)/^ Then, 

^'o$(A,S) =0a^,, ^'(P''\...,P''") -Oa^, 

for any {A,B) g A^o and P e M[. Moreover, if <^>{A,B) = {P''\ . . . , P^^), 
then P is smoothly conjugate to Pb by the linear map A. 
The following is a direct corollary of Proposition 12.41 

Corollary 2.5. To prove Theorem \2. 11 it is sufficient to show the existence of 
a Cf ^^-neighborhood o/(P^')i<,;<„ in Mi such that 

for any given B G GL„(M). □ 

Let us recall Weil's Implicit Function Theorem. 

Theorem 2.6 (Weil, [IH]). Let^^ : A/o->A/i and^i : Mi^Ms be smooth maps 
between manifolds Mq, Mi, and M2. Suppose that $io$q is a constant map with 
value X2 G M2. IfKer{D^i)xi = Im(D$o)a;o for xo S Mq and xi = ^o{xo) G 
Ml, then there exists a neighborhood U ofxi such that Im^oHC/ ~ ^i^{x2)f^U . 

The spaces Mq admits a natural smooth structure as an open subset of a 
finite dimensional vector space M„(M) 2. The space A^2 = (53(]R"))"("-i)/2 also 
does as a finite dimensional vector space. If the maps $ and 5* are smooth with 
respect to some smooth structure on A^i compatible to the G^^^-topology and 
they satisfy KerZ)5',pbi p6„, = ImD^ij g), then Theorem 12.11 follows from 
Corollarv 12 . 5 1 and Weil's theorem. To introduce a smooth structure on A^i, we 
define a map 6 : Mi^S'^iW)"" by 

e(Gi,...,G„) = i(i?f Gi,...,D<,'^G„). 

Lemma 2.7. The map Q is a homeomorphism with respect to the Cf^^-topology 
on Ml. 

Proof. Since Df^Gi = I for any (Gi, . . . , G„) £ Mi and any i, the map 8 is 
continuous by the definition of the Gf^^-topology. 

Next, we show that 8 is surjective. Put (ei,...,e„) — I and take Q S 
52(M"). Let G*Q e V(R",0) be the time-t map of the local flow generated by 

the quadratic vector field Xq{x) = Q{x,x). Then, G^(0) = 0, i'o^^G^ = /, 
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and FoG*Q = o F for any t € R. Since 



dt 



d &^ 



52 a 



dxidxj dt 



(x,t) = (0,to) 



(x,t) = (0,to) 



dxidx 



■Q{G%{x),G'^{x)) 



x=0 



2Q(ei,ej) 



for any i, j = 1, . . . , n and Iq G R, we have D^^^Gq = 2t(5 for any t. Therefore, 
e(G^^ , . . . , G^ J = (Qi, . . . , g„) for any (Qi, . . . , Q„) G ^^(R")". 

Finally, we show that is injective. Remark that the bijectivity of 6 implies 
that it is an open map. Take Gi,G2 G I?(R^,0) such that that D^^Gi = / 
and F o Gi = G,^ o F for i = 1, 2, and D^^^Gi = D^^^Ga- We wih show that 
Gi = G2. For > 0, we put Br = {z G R^ | ||2;|| < R}. Fix representatives 
Gi of Gi for each i = 1,2. Since G,(0) = and D^^Gi = /, there exists iio > 
and 1 < c < such that 

• G™ o G™ is well-defined on Br^ for any m, m' = 1, . . . , A;, 

• F o Gi = G,^ o F on Br^ for i = 1, 2, 

• max{||GY^(2)||,||G2oG5"(z)||} < c||^||, and ||G^(.2) - G^(.2')ll < 4z-z'\\ 
for any 2;, z' € Bijg and m = 1, . . . , A;. 



For < i? < i?o, we put 



A(i?) 



sup 



l|Gi(z)-G2(^) 



Since D^^Gi = £'q^^G2, then Gi — G2 is of at least third order at the ori- 
gin. Hence, A(i?) is finite. For any z € Br^ and m = l,...,fc, we have 
max{||Gf (fc-iz)jl, IIG2 o Gf (fc-iz)||} < (c/fc)||z|| < Rq, and hence, 

\\Gi{z) - G2(z)|| = fc • o Gi(;^) - ^ o G2(z)|| 
= k-\\G'iik-'z)-G^^{k-'z)\\ 

k 

<kJ2 ll<5™"^ o Gj-™+^(fc-i^) - G^ o G^-™(A;-^^)|| 

m=l 
k 



<kcJ2 WGt^'+^k-^z) -G20 G^-^'ik-^z) 
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Since ||Gi~™(fc-iz)|l < (c/fc)|lz|| < i?o, it implies that 

||Gi(z) - G2{z)\\ < ec ■ A(i?o) • [(c/fc) • \\z\\]^ = (cVfc) • A(i?o) • \\zf. 

Therefore, A(i?o) < (c''/fc)A(i?o). Since c < v^, we have A(i?o) = 0, and 
hence, Gi — G2 on Br„ □ 

Since 

for A e GL„(R) and B = (ui, . . . , v„) e GL„(R), the map 80$ satisfies 

(9 o B) = {Ao Q,^ o (^-1, A-i))i<,<„. (2) 

Hence, 9 o $ is smooth. For Q,Q' e ^^(M"), we define the bracket \Q,Q'] G 
53 (R") by 

[Q, ^, 0) = {g(e, Q'(77, 0)) + Q{i^, Q\0, 0) + Q(0, Q'(C, ^))} 

- Q{v, 0)) + g'(77, 0) + 'y))} 

It can be checked that 

Gi,i?f G2] = Df\Gi o G2) - D'i\G2 o Gi) (3) 

for any Gi,G2 G X>(M^,0) with D^^'^Gi Z^^j^^Ga = /. Therefore, 

(* o 9-i)(gi, . . . , Q„) = ([Q„ Q,])i<.<,<„. (4) 

Since the bracket is bi-hnear, the map o 9~^ is a smooth map. 
For B = {vi, . . . , Vn) G GL„(M), we put 

L| = i?(9o$)(,,B), 
L*=i?(vI/o9-i)(Q^^^...,Q,j. 

We identify the tangent spaces of Mq and 5^(R")" of each point with Af„(M")^ 
and 52 (M")", respectively. Then, Equations ^ and Q imply that 

L|(A', B') = {A' o - Q,, o (A', /) - Q,. o (/, A') + O^Ji<.<„ 
. . . ,q„) = ([gi,(5i,j] - [qj;QiH])i<i<j<n 

for any (^',B') G M„(M)2 with B' = (a;i,...,w„) and any (gi,...,g„) G 
iS^(K")". The following proposition can be shown by a formal computation 
and we postpone the proof until Section [2.31 

Proposition 2.8. KerL^ = ImL*. 

Theorem 12.11 follows from Corollary 12. 5[ Theorem I2.6[ and the proposition 
since H is a. homcomorphism between M.i and 
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2.2 Prom local to global 

In this subsection, we prove the main theorem. For a discrete group T and a 
F-action p on a manifold M, we say that a point p € M is a global fixed point 
if p'^ip) = p for any 7 G F. Remark that the point 00 is the unique global fixed 
point of for any B £ GL„(R). 

In this subsection, we assume that n > 2 since the case n — I was already 
shown by Burslem and Wilkinson. First, we show that any local conjugacy to 
the standard F„.fc-action extends to a global one. 

Proposition 2.9. Suppose that an action p G Hom(F„jj, Diff (Af )) admits a 
global fixed point poo md there exists a smooth coordinate (f> of S*" at poo and 
B e GL„(M) such that cj){poo) = and ^opTo^-i = as elements ofV[W\0) 
for any 7 g F„_fe. Then, p is smoothly conjugate to pB- 

Proof. Recall that : S""— t^M" is the local coordinate at 00 given by (j){x) = 
• a; and the local action Pb is defined by = o o We put 
Ur = S'"\[-r, r]" for r > and Afc = {6f \ . . . , 6^^}. By assumption, there 
exists R > and a neighborhood U' of poo such that 

(j) O p'^ O = (f) O p'^ O 

on (1){Ur) for any 7 g {a"*"^} U Ab. Since (x) converges to cxd as n goes to 

infinity for any a; G S*", we can take > such that p^ {x) is contained in 
Ur. Define a map h : S'^-^S"" by 

h{x) = p^^"^ o (c/)-! o 0) o pf ^ (x) 

First, we see that h{x) does not depend on the choice of nix. Suppose that 
p''g (x) is contained in Ur. Since p^ is a translation for any 7 € and S"\Ur = 
[~R, J?]" is a convex subset of K", there exists a sequence (7j)i<j<; of elements 

of Ah such that 6™ — ■ ■ ■"fib™'' and p^^ '^^^'^ (x) is contained in Ur, for any 
j = l,...,?0Then, 

p^^+^ o o 0) o pj--^^"^^ (x) = o 0) o p2>^^^--^^''r^ 

This implies that 

p''^"^ o o$)o p*"" (x) p''i"'" o o 0) o p]^-"^! o p^r^ (2;) 

p''i"'" o p^'-^^ o (0-1 0^)0 p^r^ (2;) 

Therefore, h{x) does not depend on the choice of m^. 

^We need n > 2 here. 
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For any given xq G S", there is a choice of {mx)xeS" which is constant 
on a small neighborhood of xq. This implies that /i is a locally diffeomorphic 
at xo, and hence, /i is a covering map. Since 5" is simply-connected, h is 
diffeomorphism. 

It is easy to sec that h o p''^ — o h for any 7 G A5. For any given x G S*", 
there exists m > 1 such that pg {x) is contained \n Uu. Then, 

h o p%{x) = p^i"" o (^-1 o 6) o pT o p%ix) 
= p'^""' o i^-' o ^) o p% o p'J (x) 
= p'^""" o p- o o ^) o p'^ {x) 

= p'^opT^o o^)op^"(x) 

= p''oh{x). 

Therefore, ft, is a smooth conjugacy between pB and p. □ 

Next, we give a criterion for the persistence of a global fixed point of a 

rn,fc-action. 

Lemma 2.10. Let M be a manifold and p be an action in Hom(r„^fc, DifF(M)). 
Suppose that po has a global fixed point po such that (Z)/9o)po = k~^I and 
{Dp^^)pg = I for any i = l,...,n. Then, there exists a neighborhood U C 
Hom(r„ fe, Diff (M)) of p^ and a continuous map p : lA^M such that p{po) = Po 
and p{p) is a global fixed point of p for any p gU. 

Proof. Take < A < 1 and 5 > so that X + k6 < 1. Fix an open neighbor- 
hood U of Po and a local coordinate (f) : f/^R". There exist convex neighbor- 
hoods V and Vi of (p{po) and a neighborhood Z^/q of po which satisfy the following 
conditions for any p gUq and i = 1, . . . ,n; 

• (f)o p'^^^T o (^~^ is well-defined on V for any Z = 0, 1 and m = 0, . . . , fc. 

• (^iop''* 0-1(^1 ) c V. 

• \\D{(j)op" o 0-1)^11 < A and \\D{(po p'''^ ocj)-^)^ - ^"11 < ^ for any ,2 e F 
and m= 1,. . . ,k. 

By the persistence of attracting fixed point, there exists a neighborhood U G Uq 
of Po and a continuous map p : U^4'~^ {Vi fl V) such that p(po) = Po and p{p) is 
an attracting fixed point of for any p gU. Since p^ (po) = PO) by replacing U 
with a smaller neighborhood of po, we may assume that p^'{p{p)) € (p~^{Vir\V) 
for any p gU and i — 1, . . . , n. 

Fix i = 1, . . . ,n and p G U. Put z* = 4){p{p)), F = (f> o p°' o 0"^, and 
G = (po p^' o (^~^. We will show G{z*) = z*. Since z* and G{z^) are contained 
in V, 

\\FoG{z,)-F{z,)\\ < A||G(z,) 
||(G""+^(2.) - G{z,)) - (G™(z*) - z,)\\ < S\\G{z,) -z4. 
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for TO = 0, . . . , fc — 1. Since F o G = o F and F{z^,) = z*, the former implies 




z4 < A||G(z,) 



Hence, 



k ■ \\z, - G(z,)|| < |lG'=(z,) - z*|| + - G™(z,) - G(z,) + z,\ 



Since X + kS < 1, this implies G(z*) — z*. Therefore, p{p) is a global fixed point 



Now, we prove the main theorem. 

Proof of Main Theorem. Take open neighborhoods U C S*" of oo and V C M" 
of 0, and a family {4>p)peu of difTeomorphisms from ?7 to V such that (poo = 
</>, </>p(p) = for any p ^ U, and the map {p,q) i~> </'p(9) is smooth. Fix 
B G GL„(K). The action pB satisfies the assumption of Lemma [2.101 Hence, 
there exists a neighborhood Ui of pB and a continuous map p : Ui^U such 
that p{p) is a global fixed point of p for any p GlAi. We define a local action 
Pp G Hom(r„,fe, 0)) by P; = 0p(p) o o Then, the map p ^ Pp is 

Gfg^-continuous map from Ui to Hom(r„,fe, I?(M", 0)). By Theorem [I7\\ there 
exists a neighborhood U cUi of pb such that Pp is smoothly conjugate to Pb' 
for some B' = B'{p) E GL„(M) for any p eU. By Proposition l2.91 p is smoothly 
conjugate to pB'- □ 



In this subsection, we give a proof of the following proposition, which we have 
not shown in Subsection 12. II 

Proposition [2T8l KerL* = ImL*. 

Our proof is formal and lengthy computation. It may be interesting to find 
a more geometric proof. 



Fix B = (wi, . . . , w„) G GLn(R)- Recall that the linear maps L% : M„(]R")2^52 
and L% : 52(M")"^53(R")"("-i)/2 are given by 

L%{A', B') = {A' o Q,^ - Q,^ o {A', I) - o (/, A') + Q.,Ji<.<n 



for any {A',B') E Af„(E)2 with B' ^ (wi, . . . , a;„) and any (qi,...,g„) E 
where 



< (A + M) • ||G(z,) 



of p. 



□ 



2.3 Proof of Proposition [278] 



Lb{11^ ■ • • 7 <Zri) — ([<Zi, Quj] — ['Zj, <3?)i])l<i<j<n 



(5) 
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and 

[Q, QKC, V, 0) = {Q(e, g'(r/, ej) + Q{r^, Q\e, 0) + Q{e, Q'{(, v))} 

- 0)) + g'(r/, g(f?, 0) + ^7))} . 

First, we reduce the problera to the case B = I. 

Lemma 2.11. For B,B' e GL„(M), KerL| = ImL| if and only ifKeiL%, = 
lmL%,. 

Proof. Put B = {vi, . . . ,Vn) and B' = {wi,..., w„). Take A = (a.y ) e GL„(R) 
such that B' = BA. Since the map w i— > (5„ is hnear, 

It imphes that ImLg, — ImLg ■ A. For {qi, . . . , g„) e KerL^ we have 

n 
k,l=l 

Hence, Ker • A is a subspace of Ker L^,. Similarly, KerL^, -A^^ is a subspace 
of Ker L% . Therefore, Ker L%, = Ker L| • A. □ 

By the lemma, it is sufficient to show Proposition 12.81 for B — I. Put 
I = (d, . . . , e„). It is easy to check the following properties of Qy. 

Lemma 2.12. For v € M" and mutually disjoint i, j, fe = 1, . . . , n, 

Qei(ej,efe) = 0. 

□ 

Let W be the subspace of 5^(M")" consisting of (qi, . . . , g„) such that 

qj{ej,ej)^0, (6) 
(e,,gj(e^,ei)) + {ej,qi{ej,ej)) = 0, (7) 
(ei,(7i(ej,ej)) = (8) 

for any i, j — I, . . . ,n. 

Lemma 2.13. If Ker Lf nW = {0}, then Ker Lf = ImLf. 

Proof We show that ^^(M")" = W + lmLf. Once it is shown, then the as- 
sumption KerL* OW = {0} implies KerL* = ImL* since ImL* C KcrL*. 



akiqk ,Q 



aijqi ,Qr. 
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For A,B e M„(R), let qp" be the j-th component of Lf{A,B). Fix 
(gi, . . . , q„) e 52 (R")" and we will find A, B e M„(R) such that 

qf'^{ej,ej) ^ qj{ej,ej) (9) 
(ei,gf'"^(e,,eO) + (Cj, '-^(e^, e^)) = (e^, qj(e,,, e,,)) + (e^, (?j(ej, Cj)) (10) 
(ei,gf'-^(ej-,ej)) = (ei, qi(ej, Cj)). (11) 

These equations imply that {qi, . . . , g„) ~ Lf{A, B) is an element of W . 

Take A = (aij), B = [hij] G M„(R). A direct computation with Lemma r2.12l 
implies that 

qf'^{ej,ej) ^ Ao Qe.{ej,ej) - 2Qe^. (Ae^, e^) + QBe,{ej,ej) 

n 
k=l 

= (oji - bjj)ej + ^(afcj + 6fcj)efc, (12) 
qf'^{ej,ej) = Ao Qe^{ej,ej) ~ 2Qe^{Aej,ej) + QBeA<^j^ej) 

n n 

= Aei - 2^afcjQei(efc,ej) + bkiQe^{ej,ej) 

k=l k=l 

= {an - 2ajj + bii)et + {aji + 2ajj - bji)ej + ^ (a^ + bkt)ek. 

for any mutually distinct i, j — I, . . . ,n. The latter equation implies that 

{e^, qf'^ici, a)) + {ej,qf'^iej,ej)) = 3(ay + m) - (6y + &j,) (13) 
for any mutually distinct i, j = 1, . . . , n and 

{ei,qf'^{ej,ej)) = an - 2ajj + bu (14) 

for any j = 2, . . . , n. 

Put Sij = {ei,qj{ej,ej)), Uj = {ej,qi{ej,ej)), and u-j = (ei, qi(ej, e^)) for 
i, j = 1, . . . ,n. Remark that sn — tn — ui. Put an = sii/2, &11 = — sii/2, 

= -%72, bjj = -Sjj - (wj/2) 

for j — 2, . . . ,n, and 



aij — (s^j ^- t^j)^ 



b^j s^j a^j ^ (3s^^- ) 



for any mutually distinct i,j — l,...,n. By the equations (|T2|) . (IT3l) . and (|T4)) . 
^ = (oij) and B = {bij) satisfy the equations ©, PH)) . and (ITT|) . □ 
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Fix {qi,. .. ,qn) £ Kei Lf H W. By the lemma, the goal is to show that 
qi = ■ ■ ■ = Qn = 0- 

Lemma 2.14. qj{ei, ej) — qj{ej, Ci) ~ for any i, j — 1, . . . ,n. 

Proof. When i — j, it is just shown by Equation ^ in the definition of W. 
Take mutually distinct i, j = 1, . . . , n. Then, 

= ^{[qi,Qej] - [qj,Qe,]){ej,ej,ej) 

= {%(ei,Qej(ej,ej)) - Qe^{ej,q^{ej,eJ))} 

- {*(ej: (3e.(ej, ej)) - Qe. (e^ , (ej, Cj))} 
= {qi{ej,-ej) + q,{ej,ej)} - {qj{ej,ei) - Qe,{ej,0)} 

Since qj is symmetric, we also obtain that qj{ei, Cj) — 0. □ 
Lemma 2.15. For any i, j — 1^ . . . ,n, 

{ei,qi{ej,ej)) + {ej,qj{ei,ei)) = 0. (15) 

For any j,k — 1, . . . , n with i ^ k, 

(efc,g»(ej,ej)) = 0. (16) 

Proof. When i ~ j, Lemma follows from the definition of W. Suppose that 
i ^ j. Since qi{ei, ej) = qj(ei, ej) = qjiej, Cj) =0 by Lemma [2.141 and Equation 
([6|) in the definition of VF, we have 

te,QeJ(ei,ej,ej) = {g,(e,, Qe^ (e^, e^)) + 2q,{ej,Qej{e^,ej))] 

- {Qe,{(^^,q^{(^J,eJ)) + 2Qe, (Gj , 9^ (Cj , 6^ )) } 

= {^(ei, + 2qi{ej, -e^)} 

- {{e^,q^{eJ,eJ)) ■ - {eJ,q^{eJ,ej)) ■ + 2Qe, (e^, 0)} 

[qj,Qei]{ei,ej,ej) = {qj{ei,Qe,{ej,ej)) + 2qj{ej,Qe,{ei,e-i))} 

- {<3e,(e,,gj(ej,ej)) + 2ge,(ej,(7j(ej,ej))} 

= {qj{ei,ei) + 2qj{ej,-ej)} - {Qei{ei,0) + 2Qe.{ej,0)} 

— Qj 7 ) ■ 

Since [qi,Qej] - [qj,Qe,] = 0, 

By taking the inner product with e^, we obtain that {qi{ej,ej),ek) = for 
k 7^ i, J. By taking the inner product with e.^ and Cj, we also have 

{e^,qj{e,,e,)) - (e^-, gj(ej, Cj)) =0 
{e],qj{ez,ei)) + (e,, q,(ej, e^)) =0. 
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The latter is Equation (|15l) . Equation (|16l) follows from the former and Equation 
dll) in the definition ofW. □ 

Equations ([8]) and (IT5|) imply that 

(ei,gi(ej,ej)) = (e^ , (ei, ei)) = 0. (17) 

for any j — 1, . . . ,n. Now, we prove Proposition [2]8] for n = 2. 

Proposition 2.16. If n = 2, then KcrL* = ImLf . 

Proof. F or (gi,g2) £ KerLf n VF, {ei,qj{ek,ei)) = for any fc,Z = 1, 2 by 
Lemmas [^13 12.151 and Equation ([TT]). Therefore, gi = 92 = 0. Lemma 
implies that Kcri* = IniL*. Proposition 12.81 for n = 2 follows from Lemma 
[2TII □ 

We continue the proof for n > 3. 

Lemma 2.17. qi{ej,ek) — qj{e,k,ei) — qkiei,ej) for mutually distinct i,j,k = 
1, . . . , n. 

Proof. Since i,j,k are mutually distinct, Lemma 12.151 implies 

^ • [qi,Qej]{ek,ek,ek) = qi{ek,Qej{ek,ek)) - Qej{ek,qi{ek,ek)) 

= qi{ek,ej) - {{ek,qi{ek,ek)) ■ ej - (e^, gi(efe, e^)) • e^} 
= 9»(efe,ej). 

Similarly, we have (1/3) • [q^, QeJ(efc, Cfc, e^) = qj{ek,ei). Hence, 

qi{ek,ej) - qj(ek,e.i) = i • {[qi,Qe,] ~ [^j, QeJ)(efc, Cfe, Cfe) = 0. 
It implies qi{ej,ek) = qi{ek,ej) = qj{ek,ei). By permutations of indices {i,j,k), 



we obtain that qj{ek, Ci) = qk{ei, ej). □ 
Lemma 2.18. For i,j,k = 1, . . . ,n, 

q,{e„e,) = 0, (18) 

{ei,qi{ej,ek)) = (e^-, (ji(ej, Cfc)) = {ek,qi{ej,ek)) =0. (19) 
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Proof. For mutually distinct i, j,k — I, . . . ,n, 

fe,<9ej(ej,efe,efe) = {ft(ej, (e^, efe)) + 2gi(efc, Qe^ (e^, efe))} 

- {Qej (ej,9i(efe,efe)) + 2Qe^ {ek,qiiej,ek))} 
= {qi{ej,ej) + 2qi{ek, ~ek)} 

- {-9i(efe,efe) + 2 {{ek,qiiej,ek)) ■ Cj - {ej,qi{ej,ek)) ■ ek)} 
= qi{ej,ej) - qi{ek,ek) 

- 2{ek,qi{ej,ek)) ■ ej + 2{e.j,qi{ej,ek)) ■ efc, 
[q3,Qei]{ej,ek,ek) = {qj{ej,Qe^{ek,ek)) + 2qj{ek,QeAej,ek))} 

- {Qe,{ej,qj{ek,ek)) + 2Qei{ek,qj{ej,ek))} 
= Ujiej^ei) + 2qj{ek,0)} 

- {{e.j,qj{ek,ek)) ■ ei - (e;, gj(efc, Cfc)) • + 2(3e,(efe,0)} 
= -{ej,qj{ek,ek)) ■ e,. 

Since [g^, Qej] — [qj, QeJ = 0, we obtain that 

qi[ej,ej)-qi{ek,ek) = -((7j(efe, Cfe), ej)-ei+2(gj(ej, Cfe), efe)-ej-2(gi(ej, Cfe), ej)-efe. 

By taking the inner product of the with and ej , 

(e,,gj(ej,ej)) - {ei,qi{ek,ek)) = ~{ej,qj{ek,ek)), 
{ej,qi{ej,ej)) - {ej,qi{ek,ek)) = 2{ek,qi{ej,ek))- (20) 

The former equation for i — 1 implies {ej,qj{ek,ek)) ~ for any mutually 
distinct j, k = 2, . . . ,n. By Equation p7|) . the same equation holds for the case 
j = 1 or fc = 1. Combined with Equation (|16p . we obtain Equation ^TE\\ . 

Equations (|16p and (|20p imply {ek, qi{ej , Ck)) = 0. By permutations of in- 
dices {i,j,k) and Lemma [2.171 we obtain Equation (fT9| for mutually distinct 
i,j,k. Equation (|19p for other cases follows from Lemma [2.141 and Equation 
(Pl). □ 

Proposition 12.81 for n — 3 follows from the lemma. 

Proposition 2.19. If n = 3, then KerL* = ImL*. 

Proof. For (gi, ^2, 93) G KcrL* n W, Equation (fT9|) in Lemma [2.181 implies 
qi = q2 — q3 — '^i n ~ 3. By Lemma |2.13[ we have KerL* = IniL*. 
Proposition 12.81 for n = 3 follows from Lemma 12.111 □ 

The following lemma completes the proof for ?i > 4. 

Lemma 2.20. qi{ej, ek) — for any i,j,k = l,...,n. 

Proof. By Lemma [2.141 and I2.18[ it is sufficient to show that {ei,qj{ek,ei)) = 
for mutually distinct i,j,k,l = l,...,n. Take mutually disjoint i,j,k,l = 
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1, . . . , n. Then, 

[gi,QeJ(efc,e;,ei) = {(?j(efe, Qe, (e;, e;)) + 29^(6;, Qe,- (e^, e;))} 

- {Qe, (efe,qi(e;,e/)) + 2(5e^. (e/, qi(efe, e;))} 
= {(7i(efe,ej) + 2g^(e;,0)} 

- {Qe,{ek,0) + 2((e/,gi(efc,e;)) • e^- - {ej,qi{ek,ei)) ■ e;)} 
= qi{ej,ek) - 2(ej, (7^(6*;, e/)) • e/. 

Similarly, we obtain that 

[gj,QeJ(efc,e;,e/) = qj[e.i,ek) ~ 2{ei,qj{ek,ei)) ■ e;. 

Since [gj,QeJ - fc , QeJ = 0, 

g»(ej,efe) - qj{ei,ek) = {(cj, 9^(6*;, e;)) - (e^, gj(efc, e/))} • e/. 

By Lemma [1?T71 qi{ej,ek) = qj{ek,ei) and qi(ek,ei) = qk{euei). Hence, we 
have 

(ej,(jfc(e/,e,)) = (e^, (cfc, e;)) • 
By take permutations of indices (i, j, fc, Z), 

{ei,qi{ej,ek)) = {ei,qj{ek,ei)) = (e_,-, gfc(e/, e^)) = {qi{e^,ej),ek). (21) 

On the other hand, we have 

[qi,Qej]{ej,ek,ei) = {qi{ej,Qe,{ek,ei)) + qi(ek,Qej{ei,ej)) +q,{ei,Qe,(ej,ek))} 

- {Qe,{ej,q.i{ek,ei)) + Qej{ek,qi{ei,ej)) + Qe, (e;, gi(ej, Cfe))} 
= {gj(ej, 0) + gi(efe, -e/) + ^^(e/, -efe)} 

- {-9i(efc,e/) + (efe,gj(e/,ej)) • + (e/, 5^(6^, 6^)) • Cj} 
= -qi{ek,ei) - 2(ej, ^^(efe, e;)) • e^, 

and 

[gj,QeJ(ej,efc,e;) = {gfj(ej, (cfe, e/)) + ^^(efe, Qe. (e;, e^)) + gj(e/, Qe. (cj, efe))} 

- {Qe.(ej,(7j(efe,e;)) + Qe,{ek,qj{ei,ej)) + Qe,{ei,qj{ej,ek))} 
= Ujiej,0) + qj{ek,0) + qj{ei,0)} 

- {-(ei,gj(efe,e/)) • Cj + Qe,(efe,0) + (3e,(e;,0)} 
= {ej,qi{ek,ei)) ■ ej. 

Since [g^, QeJ - [g^ , QeJ = 0, 

qi{ek,ei) + 3 • (e^-, ^^(efe, e;)) • = 0. 

By taking the inner product with Cj, we have (ej, qi{ek, e;)) = 0. Hence, 

{ei,qj{ek,ei)) = 

by permuting indices (i, j, fc, Z). □ 
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Now, we prove Proposition 12.81 for n > 4. The last lemma implies that 
qi — ■ ■ ■ — qn = ioi any (gi, . . . ,(;„) e KcrL* n W. By Lemma 12.131 we 
obtain that KerL* — ImL*. Proposition 12.81 follows from Lemma [2. Ill 



3 Classification of the standard actions 

In this section, we classify the standard r„jt-actions up to smooth conjugacy. 
Let 0{n) be the orthogonal group of W\ 

Proposition 3.1. For B,B' g GL„(R), pB and ps' are smoothly conjugate if 
and only if there exists T €E 0(n) and c > such that B' = {cT)B. 

Remark that all standard r„_fc-actions arc topologically conjugate to each 
other i.e. there exists a homeomorphism h of S*" such that p^, o h — h o p'^ 
for any 7 S r„_fc. In fact, if B' = AB for some A S GL„(M), then the linear 
map X I— >■ Ax on extends to a homeomorphism Ha on S*" . It is easy to check 
that o Ha = hA o p'^ for any 7 = a, &i, . . . , 6„. When A — cT with c > 
and T g 0(n), then hA is a diffeomorphism. Hence, ps and are smoothly 
conjugate in this case. 

To prove the "only if" part of Proposition 13.11 we need a technical lemma. 
Recall that E ^^(M") is defined by 

Qv (e, V) = {C,v)-v~- (e, v)-v- iv, v) ■ e (22) 

Lemma 3.2. Suppose that A o Q„ = o [A, A) for v,w E K"\{0} and A E 
GL„(R). Then, A = cT for some c > and T E 0{n). 

Proof. By a direct computation, we have 

g^(Ae,AC) = \\A(,\\^-w-2{Ai,w)-Ai, 

Hgiicg 

mr-w-m?-Av^2{{A£,,w)~{tv))-A£, (23) 

for any ^ G R". Put A = {2{Av,w) ~ ||w||2) Then, the equation for 

^ = V implies w = \Av. By substituting it to Equation (1231) . we have 

(AP^IP - \\S^f)Av = 2{\{A£,,Av) - {^v)) ■ At 

Since A is invertible, it implies that ||j4^|| = A~"'^||^|| for any ^ E R"\Rw. Since 
R"\R'i; is a dense subset of R", the same holds for any ^ E R". Hence, there 
exists T E 0{n) such that A = A^^T. □ 

Proof of Provosition \3. 1\ It is sufficient to show the "only if" part. Suppose 
that pb and ps' are smoothly conjugate. Take a diffeomorphism h of 5" such 
that p^gi o h = h o p'^ for any 7 E Tn,k- Since 00 is the unique global fixed 
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point of pb and ps', the diffeomorphism h fixes oo. Recall that Pb and Pb' are 
the local r„,fe-actions defined by = ^ o o and P^, — (f) o p^, o 
where ^{x) = (l/||a;|P) - a;. Put = o /i o (^"i and A = d'^q^H. Then, 
P^, o H = H o P^, and hence, 

i^^i^P^, o + Z?(2)p^, o{A,A)^Ao D^i^Pl + o (T^Wp^, i?«P^). 

2 ^^^^ 

Since Pj|(x) ~ Pg,{x) = k~^x, the equation for 7 = implies k^^D^^^H = 
k-^D^^'^H. Therefore, P>^^'i/ = 0. Put P = (wi, . . . , u„) and P' = (wi, . . . , u;„). 
Since -D^j^^Ps* = 2Q„, and P>^^^P^, = 2Q^,, Equation ([241) for j = b^ implies 

o {A, A) ^AoQ^^ 

for any j = 1, . . . , n. By Lemma there exists c > and T € 0{n) such that 
= cT. Since T preserves the inner product, 

(cr)og,,(e,?7) = Q^.((cT)e,(cr)r7) 

= c2 {(re, TO ■ - (TC, w,) ■ Tri - (T77, u;,) • PC} 

= (cT) o { (e, t;) • icT-')w, - (e, (cr-i)«;,) • 77 - (77, (cr-i)«;,) • ^} 

= (cT) O QcT-^wM^V) 

for any £,,1] ^ R". It implies that = cT^^Wi for any i = I, . . . , n. Therefore, 
P' = (c-ip)P. □ 
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